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Abstract. We examine the existence of rational divisors on modular curves 
of "D-elliptic sheaves and on Atkin-Lehner quotients of these curves over local 
fields. Using a criterion of Poonen and StoU, we show that in infinitely many 
cases the Tate-Shafarevich groups of the Jacobians of these Atkin-Lehner quo- 
tients have non-square orders. 



1. Introduction 

Let is a global field. Let C be a smooth projective geometrically irreducible 
curve of genus g over F. Denote by |F| the set of places of F. For x e \F\, 
denote by F^ the completion of F at a;. A place x G \F\ is called deficient for C if 
Cp^ :— C Xp Fj. has no i^^j-rational divisors of degree 5 — 1, cf. [TO]. It is known 
that the number of deficient places is finite. Let J be the Jacobian variety of C . 
Assume the Tate-Shafarevich group III(J) is finite. In [T2|, Poonen and Stoll show 
that the order of III( J) can be a square as well as twice a square. In the first case 
J is called even, and in the second case J is called odd. The parity of the number 
of deficient places is directly related to the parity of J [19, Section 8]: 

Theorem 1.1. J is even if and only if the number of deficient places for C is even. 

Using this theorem, Poonen and Stoll show that infinitely many hyperelliptic 
Jacobians over Q are odd for every even genus. Moreover, for certain explicit genus 
2 and 3 curves over Q they are able to prove that III( J) is finite and has non-square 
order. In [9], applying Theorem II. II to quotients of Shimura curves under the action 
of Atkin-Lehner involutions, Jordan and Livne show that infinitely many of these 
quotient curves have odd Jacobians. 

For function fields. Proposition 30 in [TO] gives the following example: Let J be 
the Jacobian of the genus 2 curve 

C -.y"^ ^Tx^ + x~aT 

over Fq(T), where q is odd, and a G is a non-square. As one checks, only the 
place cx) = 1/T is deficient for C. Next, as is observed in [T9l p. 1141], C defines 
a rational surface over Fq, so the Brauer group of that surface is finite. The main 
theorem in [5] then implies that III(J) is also finite. Overall, III (J) is finite and 
has non-square order. 

In this paper we adapt the idea of Jordan and Livne [9] to Fq(T), and exhibit 
infinitely many curves over Fg(T) whose Jacobians are odd. These curves are 
obtained as quotients of modular curves of I?-elliptic sheaves under the action of 
Atkin-Lehner involutions. We also show that only finitely many of these curves 
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can be hyperelliptic, and in some cases prove that the Tate-Shafarevich groups in 
question are indeed finite. 



2.1. Notation. Let F ~ Fq(T) be the field of rational functions on the projective 
line P P^^ over the finite field F,. Fix the place oo := l/T. For x £ \F\, denote 
by Fx and Ox the completion of F and Or,x at x, respectively. The residue field of 
Ox is denoted by F^; and the cardinality of is denoted by Qx . The degree of x is 
deg(a::) :— [¥x : Fg]. Let Wx be a uniformizcr of Ox- We assume that the valuation 
ordx : Fa; — 7> Z is normalized by oidx{wx) = 1- Let A = ¥q[T] be the polynomial 
ring over ¥q ; this is the subring of F consisting of functions which are regular away 
from oo. For a place x 7^ oo, let p^^ be the corresponding prime ideal of A, and 
px € A he the monic generator of p^- 

For a ring H with a unit element, we denote by _ff ^ the group of its invertible 
elements. 



2.2. Quaternion algebras. Let D be a quaternion algebra over F, i.e., a 4- 
dimensional F-algebra with center F which does not possess non-trivial two-sided 
ideals. Denote Dx := D (E)f Fx', this is a quaternion algebra over Fx- By Wedder- 
burn's theorem [201 (7.4)], a quaternion algebra is either a division algebra or is 
isomorphic to the algebra of 2 x 2 matrices. We say that the algebra D ramifies 
(resp. splits) at x G \F\ if Dx is a division algebra (resp. Dx ^ M.2{Fx)). Let 
R C |F| be the set of places where D ramifies. It is known that i? is a finite set of 
even cardinality, and for any choice of a finite set i? C \F\ of even cardinality there 
is a unique, up to isomorphism, quaternion algebra ramified exactly at the places 
in R; see [281 P- 74]. In particular, D = M2(F) if and only if i? = 0. We denote 
the reduced norm of a e D by Nr(a); for the definition see [20l (9.6a)]. 

An Op-order in D is a sheaf of Op-algebras with generic fibre D which is coherent 
and locally free as an Cp-module. A V-bimodule for an Cp-order 2? in D is an Op- 
module I with left and right D-actions compatible with the Op-action and such 
that 



A I?-bimodule I is invertible if there is another P-bimodule such that there are 
isomorphism of P-bimodules 



The group of isomorphism classes of invertible 2?-bimodules will be denoted by 
Pic(I?): the group operation is Ii ®x>'l2, cf. fSOl, (37.5)]. 

2.3. Graphs. We recall some of the terminology related to graphs, as presented 
in [3S] and [TT]. A graph Q consists of a set of vertices Yev{Q) and a set of edges 
Ed(5). Every edge y has origin o{y) G Ver(5), terminus t{y) £ Ver(t/), and inverse 
edge y £ Ed(t?) such that y = y and o{y) = t{y), t{y) = o{y). The vertices o{y) 
and t{y) are the extremities of y. Note that it is allowed for distinct edges y ^ z to 
have o{y) = o{z) and t{y) = t{z). We say that two vertices are adjacent if they are 



2. Notation and terminology 



For S' c put 




1, if aU places in S have odd degrees; 
0, otherwise. 



(Ai)/i = X{in), for any X, ^ £ T) and i £l. 



•D-ELLIPTIC SHEAVES AND ODD JACOBIANS 



3 



the extremities of some edge. The graph C/ is a graph with lengths if we are given 
a map 

£ = £e :Ed(e)^N = {1,2,3, •••} 
such that ll{y) = i{y). An automorphism of C/ is a pair 4> = {4'ii4'2) of bijections 
(t)i : V cr(g) ^ Ver(5) and 02 : Ed(g) ^ Ed(^;) such that (l>i{o{y)) = o((/)2(y)), 
02(2/) = 02 (y), and £(y) = ^(02(2/)). 

Let r be a group acting on a graph (i.e., T acts via automorphisms). For 

V G Ver(C/), denote 

Stabr(w) = {7 G r I 71; = t;} 
the stabihzer of v in V. Similarly, let Stabr(2/) = Stabr(y) be the stabilizer of 

V G Ed(^). There is a quotient graph F \ ^ such that Ver(F \g)^V\ Ver(^) and 
Ed(F\g) =F\Ed(5). 

2.4. Mumford uniformization. Let O be a complete discrete valuation ring with 
fraction field K, finite residue field k and a uniformizer tt. Let F be a subgroup of 
GL2(-R') whose image F in PGL2 (ivT) is discrete with compact quotient. There is a 
formal scheme over Spf (O) which is equipped with a natural action of PGL2(X) 
and parametrizes certain formal groups. Kurihara in [TT] extended Mumford's 
fundamental result |14| and proved the following: there is a normal, proper and 
flat scheme over Spec(C') such that the formal completion of along its 
closed fibre is isomorphic to the quotient F \ il. The generic fibre X\^ is a smooth, 
geometrically integral curve over K . The closed fibre Xj^ is reduced with normal 
crossing singularities, and every irreducible component is isomorphic to V\. If a; is a 
double point on Xj^ , then there exists a unique integer rrix for which the completion 
of O^.x <E)o (5"'' is isomorphic to the completion of s]/{ts - tt"-). Here O"'' 

denotes the completion of the maximal unramified extension of O. 

Remark 2.1. f2 is the formal scheme associated to Drinfeld's non-archimedean half- 
plane fl = — P]^^'^{K) over K. For the description of the rigid- analytic struc- 
ture of and the construction of we refer to Chapter I in [2] . 

The dual graph Q of X^ is the following graph with lengths. The vertices of Q 
are the irreducible components of X^. The edges of Q, ignoring the orientation, are 
the singular points of X^. If a; is a double point and is the corresponding 

edge of 5, then the extremities of y and y are the irreducible components passing 
through x\ choosing between y 01 y corresponds to choosing one of the branches 
through X. Finally, £(?/) = i{y) = nix. 

Let T be the graph whose vertices Ver(T) = {[A]} are the homothety classes 
of O-lattices in , and two vertices [A] and [A'] are adjacent if we can choose 
representatives L G [A] and L' G [A'] such that L' C L and L/L' = k. One shows 
that T is an infinite tree in which every vertex is adjacent to exactly =^k + 1 other 
vertices. This is the Bruhat-Tits tree of PGL2(X), cf. US p. 70]. The group 
GL2{K) acts on T as the group of linear automorphisms of K^, so the group F 
also acts on T. We assign lengths to the edges of the quotient graph F \ T: for 
y G Ed(F\T) let i{y) = #Stabp(y), where y is a preimage of y in T. By Proposition 
3.2 in }11| . there is an isomorphism Q = T\ T of graphs with lengths. 

Notation 2.2. For x G we denote Mumford's formal scheme over Spf(Oa:) by 
^Ix, and the Bruhat-Tits tree of PGL2(i^2;) by Tx- 
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3. Modular curves of P-elliptic sheaves 

3.1. P-elliptic sheaves. The notion of P-elliptic sheaves was introduced in jl2j. 
Here we fohow which gives a somewhat different (but equivalent) definition of 
I?-elhptic sheaves that is more convenient for our purposes. 

From now on we assume that Z? is a division quaternion algebra which is spht 
at oo. Let V be an Op-order in D such that '■— <E)Op C'x is a maximal order 
in Dj; for any x oo, and I?oo is isomorphic to the subring of 1^12(000) which are 
upper triangular modulo vjoo- Let 'D{—^oo) denote the two-sided ideal in D given 
by 'D{—^oo)x = for all x 7^ 00, and ^00)00 is the radical of Vx- Concretely, 
^00)00 is the ideal of Poo consisting of matrices which are upper triangular 
modulo Woo with zeros on the diagonal. 

Definition 3.1. A V-elliptic sheaf with pole 00 over an F^-scheme S* is a pair 
E = {£,t) consisting of a locally free right T) M Os-module of rank 1 and an 
injective homomorphism of 2? H O^-modules 

t : (idp X Frob5)*(f ®p V{-^ooj) ^ £ 

such that the cokernel of t is supported on the graph Fx C P x spocF S oia, niorphism 
z : 5* — ^ P and is a locally free Os-module of rank 2. 

Remark 3.2. In [26 , this definition is given for an arbitrary central simple algebra 
D over an arbitrary function field F . Moreover, the order T) is only assumed to be 
hereditary. 

Theorem 3.3. The moduli stack ofD-elliptic sheaves of fixed degree deg{£) = — 1 
admits a coarse moduli scheme X^. The canonical morphism ¥ is projective 

with geometrically irreducible fibres of pure relative dimension 1, and it is smooth 
over P — i? — 00. 

Proof. This theorem follows from one of the main results in [12]; cf. |26i §4.3]. □ 
The genus of the curve Xp is given by the formula (see [16] ) 

(3.1) giX^) = 1 + Jl (g, - 1) _ ^ . 2#«-i . Odd(i?). 

3.2. Atkin-Lehner involutions. Let be the radical of T>x- By [20l (39.1)], 
^Pj. is a two-sided ideal in T>,j. , and every two-sided ideal of Vx is an integral power 
of It is known that there exists G such that lix'Dx = T^x^x = '^x- The 
positive integer Cx such that — Wx'Dx is the index oiT>x- With this definition, 
ea; = 2ifa;Gi?Uoo, and e^; = 1, otherwise. Define the group of divisors 

Div(2?) < ^ rixX G ^ Qx exUx G Z for any x G \F\ 

[a:G|F| xe\F\ 

For a divisor Z = '}2xe\F\^x^ ^ Div(2?), let V{Z) be the invertible P-bimodule 
given by 2?(^)|p-Supp(Z) = 25|p-Supp(Z) and V{Z)x = ^-"^^"^ for aU x G Supp(Z). 
For each / G F^ there is an associated divisor div(/) — '}2x£\F\'^''^^xif)^^ which 
we consider as an element of Div(2?). It follows from [20l (40.9)] that the sequence 

(3.2) ^ V^^g ^ Div(2?) Pic(2?) ^ 
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is exact, cf. [Ml §3.2]. Let Div°(I?) C Div(I?) be the subgroup of degree divisors: 
X^ksIFI ^ Div"(2?) if J2xe\F\ deg(a;) = 0. Define Pic*'(I?) to be the image of 
Div"(X') in Pic(X'). It is easy to check that Pic" (2?) = (Z/2Z)#^, and is generated 
by the divisors ^ '^°|^^^ oo — ^x^ , x € R. 
If £ e Pic(X>), then 

E={£,t)^ E®C:={£ ®v C, t ®v idc) 

defines an automorphism of the stack of P-elhptic sheaves. Moreover, if £ e 
Pic°(r>), then this action preserves the substack consisting of with deg(f) 

fixed, cf. [26l §4.1]. Hence W := Pic°(2?) acts on by automorphisms. 

Definition 3.4. We call the subgroup W of Aut(X^) the group of Atkin-Lehner 
involutions, and we denote by Wx G W, x € R, the automorphism induced by 

Remark 3.5. It follows from [17, Thm. 4.6] that if Odd(i?) = 0, then Aut(X^) = 
W. 

The normalizer of in is the subgroup of 

N{Vx) = {g e I gVxg-' = PJ. 

If g e N{T>x), then gV^ is a two-sided ideal of V^, so there exists m G Z such 
that gV^ = Define v^Ad) = ^- Note that for g e F^, C N{V^), we have 
orda;(g) = vv^g). 

Let C{V) := U'xe\F\ N{Vx)/ JJ^^^p^V^ , where U'xe\p\ N{V.,) denotes the 
restricted direct product of the groups {N{'Dx)}x(£\f\ with respect to {2?^}a;g|F|- 
Given a = {a^jx G nLe|F| ^C^x), we put div(a) = J2xe\F\ vvA'^x)x. The assign- 
ment a i-> 2?(div(a)) induces an isomorphism |^ Cor. 3.4]: 

(3.3) C{V) = Pic(X>). 

Let 2?°° := i7°(P - oo,V); this is a maximal A-order in D. Let r°° := (2?°°)^ 
be the units in 1)°° . Define the normalizer of 2?°° in D as 

N{V°°) := {g e 1 gV°°g-^ = 2?°°}. 

Denote C(2?°°) A^(2?°°)/F^r°°. Then induces an isomorphism 

(3.4) C(2?°°) Pic"(2?). 

By (37.25) and (37.28) in [5D], the natural homomorphism 

(3.5) 7V(2?°")/i^^r°° ^ W N{Vx)/F^V^ 

x^\F\—oo 

is an isomorphism. Next, by (37.26) and (37.27) in [20] . 



N{Vx)/F,-V!^ = 



1, if X ^ i? U cx); 

Z/2Z, if X e i?. 



For X e i?, the non-trivial element oi N{'Dx) / F^V^ is the image of 11^;. According 
to HOI (34.8)], there exist elements {A^, G V^jx^R such that Nr(Aa;)A = px- The 
image of A^; in Vx can be taken as H^. Overah, C(2?°°) {Z/2Z)*^ is generated 
by Aaj's, and the isomorphism p.4p is given by Wx Xx- 
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3.3. Uniformization theorems. Since Doo — M2(Foo), the group can be 
considered as a discrete cocompact subgroup of GL2(i^cx>) via an embedding 

^ D''{Foo)^GUiF^)■ 
Let denote the completion of along its special fibre. By a theorem of 
Blum and Stuhler [1, Thm. 4.4.11], there an isomorphism of formal Ooo-schemes 

(3.6) T^\h^=Xg^, 

which is compatible with the action of W; see i26i §4.6]. More precisely, the action 
of Wx on r°° \ iloo induced by (13. 6|) is given by the action of A^^ considered as an 
element of GL2(Foo). Note that is in the normalizer of T°°, so it acts on the 
quotient r°° \ a-nd this action does not depend on a particular choice of A^;. 

Now fix some x € R. Let D be the quaternion algebra over F which is ramified 
exactly at {R — x) U oo. Fix a maximal A-order D in D{F), and denote 

j,x,2 ^ (= S)^ I ord^(Nr(7)) £ 2Z}; 
If we fix an identification of with M2(Fa.), then is a subgroup of GL2(i^a;) 

(2) 

whose image F^/(^'^)^ in PGL2(F2:) is discrete and cocompact. Let Ox be the 
unramified quadratic extension of Ox- Let 7a; S be an element such that 
lSiT{jx)A = px- Such exists by [501 (34.8)] and it normalizes F^, hence acts 
on F^ \ fij;. Let Xq denote the completion of Xq along its special fibre. By 
the analogue of the Cherednik-Drinfeld uniformization, proven in this context by 
Hausberger |7j, there is an isomorphism of formal O^-schemes 

(3.7) [(F- \ ^x) ® Of^]/{^x ® Frob-i) - X^^, 

where Frobj; : Ox — > Ox denotes the lift of the Frobenius homomorphism a i— )• a'"^ 
on ¥x to an O^^-homomorphism. 

Let N{'£)^''^) be the normalizer of Ti^'"^ in D, and 

C(2)^'2) Ar(j)=^,2y^xpx_ 

As in p.Sp . the natural homomorphism 

iV(2)"^2)/^xp. ^ -Q ^(2,^'2)/f;^(D^^2)x 

ye|F|-oo 

is an isomorphism. The normalizer N{D%''^) is F^{D^)^ , so we have 

N{^l^^)/F^{^l^^r =Z/2'L, 
generated by ^x- On the other hand, if y 7^ x, then 

N{'i^l^^)/F-{^fY-N{Vy)/F-V-. 

We see that 

C(£>^'2) ^ (z/2Z)#-«, 

generated by a set of elements {7^ G D^}y(zR such that Nr(7j^)A ~ py. The group 
W is canonically isomorphic with C(S)^'^) via Wy ^y. The isomorphism p.7p is 
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compatible with the action of W: for y (z R, the action of Wy on the left hand-side 
of p.7p is given by 7^; see [261 §4-6]. 

4. Main results 

Proposition 4.1. Denote by Div^^(X^) the set of Weil divisors on Xp which 
are rational over Fx and have degree d. 

(1) Ifxi^R, then Div^^ (X^) ^ for any d. 

(2) IfxeR, then Div|^ (X^) =^ for even d, and Divf,^ (X^) = for odd d. 

(n) (n) 

Proof. For n > 1, denote by Fi the degree n extension of Fa;, and by Fx the 
degree n unramified extension of Fx- 

First, suppose x ^ RU 00. By Theorem 13. 3[ X-^- is a smooth projective curve. 
Weil's bound on the number of rational points on a curve over a finite field guar- 
antees the existence of an integer > 1 such that X-^' (fI"'') 7^ for any n > N. 
The geometric version of Hensel's lemma Lem. 1.1] implies that Xp (i^i"'') 7^ 0. 
Let P e and Q € X« (fJ^^). The divisor d ■ Z, where 

z= E 

CTeGal(Fi" + ^V-Fx) r6Gal(Fi"V-F^) 

is Fa;-rational and has degree d. 

Next, suppose X = 00. By (j3.6p . -'^^^^ is Mumford uniformizablc. This implies 
that Xp has a regular model over Ooo whose special fibre consists of Foo-rational 
P^'s crossing at Foo-rational points. In particular, over any extension Fm'*, n>2, 
there are smooth FTC''-rational points. Again by Hensel's lemma [3 Lem. 1.1], there 
are Fi^'' -rational points on Xp^ for any n > 2. The trace to F^o of such a point is 
in Div^ [X^)- One obtains a rational divisor of degree 1 by taking the difference 
of degree 3 and 2 rational divisors. This proves (1). 

Finally, suppose x & R. By [15l Thm. 4.1], X^JfP) ^ 0. Taking the trace 

(2) 

of cLii Fx -rational point and multiplying tlie resulting divisor by ti, we see that 
Div^"(X^) ^ for any n. Now suppose d is odd but Div^Jx^^) ^ 0. Let 
Z £ Divj^jX^). Write Z = Z1-Z2, where Zi and Z2 are effective divisors. Since 
deg(Z) = deg(Zi) — deg(Z2) is odd, exactly one of these divisors has odd degree. 
Denote by F^'^ the algebraic closure of Fx, FJ'^p the separable closure of Fx, and 
let G := Ga\{F^^P / Fx) ■ Since Z is Faj-rational, both Zi and Z2 are G-invariant. 
Assume without loss of generality that deg(.Zi) is odd. Write Zi ~ Zg + Z^, where 
= J2p(zxp (F°''5) ''^pPj np e I, are odd, and Ze = Z^gexf (f^'«) "-qQ' ng e I, 
are even. Again Zg and Ze are G-invariant. Since deg(.Ze) is even, Zq is non-zero. 
Since deg(2'o) is necessarily odd, the support of Zq must consist of an odd number 
of points. This set of points is G-invariant. We have a finite set of odd cardinality 
with an action of G, so one of the orbits necessarily has odd length. Thus, there is 
a point P in the support of Z such that the set of Galois conjugates of P has odd 
cardinality. This implies that the separable degree [Fx{P) : Fx]s is odd. If P is not 
separable, then the degree of inseparability of Fx{P) over Fx divides the weight np 
of P in Z (as Z is Fa;-rational) . Since is odd by assumption, the inseparable 
degree [Fx{P) : Fx\i is also odd. Overall, the degree of the extension Fx{P)/Fx is 
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odd. We conclude that there is a finite extension K/Fx of odd degree such that 
X^JK) ^ 0. This contradicts [HI Thm. 4.1], so Div|^(X^) must be empty. □ 

Theorem 4.2. Consider the following conditions: 

(1) q is even; 

(2) q IS odd, #i? = 2, and Odd(i?) = 1. 

// one of these conditions holds, then the deficient places for are the places in 
R. Otherwise, there are no deficient places for X^. In either case, by Theorem 
the Jacobian variety of Xp is even. 

Proof. An elementary analysis of (|3.ip shows that the genus g{X^) is even if and 
only if one of the above conditions holds. The claim of the theorem then follows 
from Proposition 14. II □ 



Next, we examine the existence of rational divisors on the quotients of X^ under 
the action of Atkin-Lehner involutions. For a fixed y G i? we denote by X'^' the 
quotient curve X^/wy. 

Proposition 4.3. Denote by Div^ (X^^^) the set of Weil divisors on Xp ^ which 
are rational over and have degree d. 

(1) If X ^ R or X ^ y, then Divj.jX^yy) ^ for any a. 

(2) IfxeR-y and d is even, then Divp^{X'-y'>) ^ 0. 

(3) If X E R — y and BivpjX^yy) ^ for an odd d, then there is an extension 
K/Fx of odd degree such that x'^^^K) ^ 0. 

Proof. Since the Atkin-Lehner involutions are defined in terms of the moduli prob- 
lem, the quotient morphism n : Xp — > Xp^ is defined over F^. Hence, if 
Z e Div^ then the pushforward '!t^{Z) is in Div^ (a: so Proposition 

14.11 implies (2) and (1) for x ^ R. Part (3) follows from the argument in the proof 
of Proposition gH] It remains to prove that Divp^(X^y^) ^ for any d. By ((37)) 
and ensuing discussion, A|? is the Wy ® Frob~^ quadratic twist of the Mumford 

curve Vy\^y. Hence the quotient X^p^ of Xp^ by Wy is Mumford uniformizable 
(without a twist) and one can argue as in the proof of Proposition 14.11 in the case 
when X = CO. □ 

Proposition 4.4. Assume q is odd, and x,y £ R are two distinct places of even 
degrees. If d is odd, then Div^j(A(2')) = 0. 

Proof. Suppose d is odd and Div^''(A(^)) 7^ 0. Then by Proposition 14.31 there is 

an extension K/F^ of odd degree such that X^^]{K) ^ 0. The graph G := P^ \ T; 
is the dual graph of the Mumford curve uniformized by P^; see i )2.4l From (|3.7[) 
we get an action of W on G. The same argument as in [9, p. 683] shows that if 
X^^l{K) ^ 0, then there is an edge s in G such that the following two conditions 
hold: 

(1) either £(s) is even or Wy{s) = s; 

(2) either Wx{s) — s or WxWy{s) = s. 
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By [m Lem. 4.4], an edge of G has length 1 or g + 1, and the number of edges of 
length (7 + 1 is equal to 

2#«-iodd(i? - - Odd(a;)). 
From the assumption that y has even degree we get that all edges of G have length 
1. Thus, for the existence of i^-rational points on x')^^ we must have Wy{s) = s, 
and either w^is) = s or WxWy[s) = s. Obviously Wy{s) — s and w^Wy^s) = s imply 
Wx{s) — s. Therefore, the considerations reduce to a single case 

Wx{s) = s and Wy{s) = s. 

Let s be an edge of Tx lying above s. Modifying by an element of F^, we 
may assume that — s. Let v be one of the extremities of s. Then 7^ fixes v 
and Nr(7^) generates p^. Thus, 7^ G ^GL2{Ox)^J-^^ for some fi e GL2{Fx). 
By the norm condition, we get 7^ = pxC, where c € fj,Gh2{Ox)fJ-^^ ■ Hence 
orda;(Nr(7^/pa;)) = 0. On the other hand, since Jx/px also belongs to D^, c 
belongs to a maximal A-order T)' in D (in fact, £>' — fiGL2{Ox)fJ.^^ H S*^). Since 
Nr(c) has zero valuation at every v € — cx), c € (J)')^. By our assumption, 
deg(t/) is even and D is ramified at y and 00, so (2)')^ = F^; cf. [H Lem. 1]. 
Hence 7^ = cpx, where c G F^. Since deg(x) is even, c must be a non-square, as 
otherwise 00 splits in F{^cpx), which contradicts the fact that this is a subfield 
of the quaternion algebra D ramified at 00. Fix a non-square ^ S F^. Overall, we 
conclude that the condition Wx (s) = s translates into 

Ix = ^Px, 

for an appropriate choice of 7^ . 

Modifying 7j, by an element of F^, we can further assume that 7y(s) = s. Next, 
note that 7j, belongs to some maximal A-order S)" in D. Since D is ramified at y 
and Nr(7j,)A = pj,, the element 7j, generates the radical of 2)^. Hence 7^ = c • py, 
where c S 2)". Comparing the norms of both sides, we see that c must be a unit 
in S". The same argument as with £>' shows that {D")^ — F^, so after possibly 
scaling ^y by a constant in F^ , we get 

ll = ^Py 

Let (F^,7y) be the subgroup of Gh2{Fx) generated by F^ and 7^. By construc- 
tion, the element 7j, fixes s. Since the edges of G have length 1, the stabilizer of 5 
in F^ is {A^Y. Therefore, 

Stab(r.,^^)(s)/(A-)x CF,(7,)X. 

On the other hand, lx^lylx{s) — s. We conclude that there is n £ Z and a, 6 G Fq 
(a, b are not both zero) such that 

Ivlx = Px7x{a + bjy). 

Now the same argument as in the proof of Part (3) of Theorem 4.1 in [15] shows 
that for such an equality to be true we must have n = 0, a = and b = —1, i.e., 

lyjx = -Ixlv 

The quadratic extensions F{jx) and F{^y) of F are obviously linearly disjoint. 
Therefore, D is isomorphic to the quaternion algebra H{^px, ^py) over F having 
the presentation: 

i'^^^Px, f^£.Py, ij^-ji- 
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As is well-known, the algebra H{^px,^py) ramifies (resp. splits) at w £ |F| if and 
only if the local symbol {^px,£,py)v = ~1 (resp. = 1); of. [281 P- 32]. On the other 
hand, by [Ml P- 210] 

iipx,ipy)x ^ and {^px,^py)y = 

where (7) is the Legendre symbol. Since x and y have even degree, ^ is a square 
modulo px and py. Thus, = and = . The algebra D splits 

at X and ramifies at y, so we must have 

^1 - 1 and I ^ 1 = -1. 



.Py. 

But the quadratic reciprocity [22 Thm. 3.5] says that 



\pxJ\PyJ 



This leads to a contradiction, so Div^^(X(^^)) =0. □ 

Theorem 4.5. Assume q is odd and all places in R have even degrees. Consider 
the following three conditions: 

(1) R = {x,y}, I.e., #R = 2; 



(2) 

(3) deg{y) is not divisible by 4. 
// one of these conditions fails, then there are no deficient places for // all 

three conditions hold, then x is the only deficient place for X'^y\ In the first case 
(v) 

the Jacobian of Xp is even and in the second case it is odd. 

Proof. Let Fi:x.{'Wy) be the number of fixed points of Wy acting on Xp. By the 
Hurwitz genus formula applied to the quotient map tt : Xp Xp \ the genus of 
Xp ^ is equal to 

y\ ) 2 4 ■ 

(note that tt has only tame ramification). On the other hand, by [T71 Prop. 4.12] 

Fix(m,) = MCP.) n 

where ^ € is a fixed non-square, and h(^py) denotes the ideal class number of the 
Dedekind ring Fg[T, ^/£,py]. (A remark is in order: In [17], Wy is defined analytically 
as the involution of T°° \ fioo induced by Xy , hence here we are implicitly using the 
fact that p.6p is compatible with the action of W.) Combining these formulas, we 

' xeR. xeR ^ ^ ^ 

It is easy to see that the middle summand is always an even integer. Hence g{X^y^) 
is even if and only if the last summand is odd. According to [3i Thm. 1], the class 
number h{^py) is always even and it is divisible by 4 if and only if deg(i/) is divisible 
by 4. Using this fact, one easily checks that the last summand is odd if and only if 



KiPy) n fi ( ^Py 
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the three conditions are satisfied. The theorem now follows from Propositions 14.31 
and Ha □ 



There are infinitely many pairs R — {x, y} for which the conditions in Theorem 
14.51 are satisfied. Indeed, fix an arbitrary y such that deg(j/) = 2 (mod 4). By the 
fmrction field analogue of Dirichlet's theorem [21, Thm. 4.7], there arc infinitely 

many places x € even degree such that (^y^^ — ~1- The quadratic reciprocity 

implies that for such places = ^1- Hence there are infinitely many Xp ^ with 

odd Jacobians. 

Remark 4.6. For a fixed q there are only finitely many R such that X^"^ is hyper- 
elliptic. To see this, fix some x ^ RU oo. Corollary 4.8 in [TB] gives a lower bound 
on the number of Fi^^-rational points on X-^^. Since the quotient map Xj^ — )■ X^^'* 
is defined over F^, and has degree 2, from this bound we get 

^ ^"^^ zeRux 

By [13l Prop. 5.14], if Xp ^ is hyperelliptic, then X^,^^ is also hyperelliptic. Hence 
there is a degree-2 morphism X^^'' — > P^^ defined over F^,. This implies 

#4^)(Fi2)) < 2#P1^(F(2)) = 2{ql + 1). 
Comparing with the earlier lower bound on (F^^'' ) , we get 

(4.1) n fe-i)<4(gl + l)('z'-i)- 

z&RUx 

Let r = J^zeR'^'^Si^)- By [HI Lem.7.7], we can choose a; ^ i? U oo such that 
deg(a;) < log^(r + 1) + 1. Since JJ^eR^I^ ~ 1) — Q^^^j the inequality (14. ip implies 
^ S2q'^r, which obviously is possible only for finitely many R. Therefore, only 
finitely many Xp^ are hyperelliptic. 

Denote by J^^^ the Jacobian variety of Xp \ To conclude the paper, we explain 
how one can deduce in some cases that HI(j(*'^) is finite and has non-square order. 
(Of course, it is expected that Tate-Shafarevich groups are always finite.) 

The definitions of the concepts discussed in this paragraph can be found in [5]. 
Let n<l A be an ideal. Let Xo{n) be the compactified Drinfeld modular curve clas- 
sifying pairs ((/), Cn), where cj) is a rank-2 Drinfeld ^-modules and Cn = A/v is a 
cyclic subgroup of (j). Let Jo(n) denote the Jacobian of Xo{n)F- Let ro(n) be the 
level-n Hecke congruence subgroup of GL2(A). Let S'o(n) be the C- vector space of 
automorphic cusp forms of Drinfeld type on ro(n). Let T(n) be the commutative 
Z- algebra generated by the Hecke operators acting on S'o(n). The Hecke algebra 
T(n) is a finitely generated free Z- module which also naturally acts on Jo(n). Let 
/ e 5*0(11) be a newform which is an eigenform for all t € T(n). Denote by A/(t) 
the eigenvalue of t acting on /. The map T(n) C, t A/(i), is an algebra 
homomorphism; denote its kernel by //. The image //(Jo(n)) is an abelian sub- 
variety of Jo(n) defined over F. Let Af := Jo{n)/If{Jo{n)). Similar to the case 
of classical modular Jacobians over Q, the Jacobian Jo{n) is isogenous over F to 
a direct product of abelian varieties Af, where each / is a newform of some level 
m|n (a given Af can appear more than once in the decomposition of Joi^:)). This 



12 



MIHRAN PAPIKIAN 



implies that III(Jo(n)) is finite if and only if III(A/) is finite for all such Af. On 
the other hand, by the main theorem of [10], III(A/) is finite if and only if 

OYds=iL{Af,s) = rankz^/(i^), 

where L{Af,s) denotes the L- function oi Af, see [10] or [23] for the definition. 

Let denote the Jacobian of Xp. Let r := Okg-rP^' Jacquet-Langlands 
correspondence over F in combination with some other deep results implies that 
there is a surjective homomorphism Jo(c) — ?> defined over F; see [THl Thm. 7.1]. 
Since by construction X^^^ is a quotient of X^, there is also a surjective homo- 
morphism — >■ J'-^-' defined over F. Thus, there is a surjective homomorphism 
Jo(r) J(f) defined over F. This implies that if m(Jo(r)) is finite, then m{J^y'>) 
is also finite. 

Now assume q is odd, R — {x,y}, and deg(a;) = deg{y) — 2. In this case 
Jo(c) is isogenous to as both have dimension q^. The dimension of J^^^ is 
(q^ — l)/2. There are no old forms of level r, since 5*0(1), Soipx) and S'o(py) are 
zero dimensional. Let / G So{v) be a Hecke eigenform. The L-function L{f,s) of 
/ is a polynomial in q^'^ of degree deg(x) + deg(y) — 3 = 1, cf. [27, p. 227]. Hence 
ords=oL{f, s) < 1. Using the analogue of the Gross-Zagier formula over F [22] p. 
440], one concludes that OTds=iL{Af , s) < rankzA/(F). The converse inequality is 
known to hold for any abelian variety over F; see the main theorem of |23| . Hence 
IH(A/) is finite, which, as we explained, implies that IH(J^^)) is also finite. It 
remains to show that one can choose x and y so that the conditions in Theorem 
14.51 hold, and therefore IH(J^^^) is finite and has non-square order. We need to 

show that one can choose x and y such that deg(a;) — deg{y) — 2 and (^^) = ~1- 
Fix some x € \F\ with deg(a;) = 2. Consider the geometric quadratic extension 
K :— F{^fpZ) of F, and let C be the corresponding smooth projective curve over 
Vq. Since deg(a::) — 2, the genus of this curve is zero, so C = Pp^. Using this 
observation, one easily computes that the number of places of F of degree 2 which 
remain inert in K is {q^ — l)/4 > 0. Thus, we can always choose y e |F| of degree 

2 such that = -1. 
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